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In this work, we develop a geometrical unification theory for gravity and the electro-
weak model in a Kaluza-Klein approach; in particular, from the curvature dimensional
reduction Einstein—Yang—Mills action is obtained. We consider two possible space-time
manifolds: 1)V* ® S' ® S? where isospin doublets are identified with spinors; 2) V* ®
S ® $3 in which both quarks and leptons doublets can be recast into the same spinor,
such that the equal number of quark generations and leptonic families is explained.

Finally a self-interacting complex scalar field is introduced to reproduce the spon-
taneous symmetry breaking mechanism; in this respect, at the end, we get an Higgs
fields whose two components have got opposite hypercharges.
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1. INTRODUCTION

The best results of modern physics are the two theories that describe the
fundamental interactions, i.e., Standard Model and General Relativity. However,
at the present no satisfying way to unify them is known, especially because of the
mathematical and physical difficulties in the development of a Quantum General
Relativity. Even if it is a general hope that the quantization of gravity would
lead to the unification of all interactions, there is no indication that it will follow.
For example Loop Quantum Gravity (Rovelli, 2004), one of the most promising
candidate for a quantum General Relativity, does not contain other interactions,
so it achieves no unification yet. Moreover, because cosmological sources, we
observe are only gravitational ones, on cosmological scale, we can treat gauge
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carriers fields as perturbations. Therefore, the coexistence, in a unified picture, of
a classical formulation for gravity and of a quantum theory for other interactions
can be interpreted as a low energy effect.

The great achievement of General Relativity is the geometrization of the
gravitational field; following this approach, we can try to regard even others fields
as geometric properties (geometrical unification models) and, in particular, as
space-time metric components (Kaluza—Klein theories). This issue, obviously,
implies extra geometrical degrees of freedom, that can be introduced by virtue
of extra-dimensions. To make the multidimensional model consistent with a four-
dimensional phenomenology, we require the unobservability for this additional
coordinates and, due to quantum uncertainty, it can be reached by taking a com-
pactified extra-space. It is also possible to consider noncompact Kaluza—Klein
models, as in braneworld scenario (Randall and Sundrun, 1999), and they found
applications in string theory; however, in those models a strange kind of unifi-
cation arise, in fact while the gravitational field propagates in the bulk, the other
interactions are restricted to the four-dimensional brane.

The oldest model with nongravitational fields in the metric is the original
Kaluza—Klein one (Kaluza, 1921; Klein, 1926a,b), which deals with the unifica-
tion of gravitational and electromagnetic interactions in a space-time manifold
V*® S'. To extend this procedure to a generic Yang—Mills theory, a geometri-
cal implementation of the gauge group and of its algebra have to be performed.
The latter is easily achieved by the introduction of an homogeneous extra-space
(for the definition of homogeneous space see, Landau and Lifsits, 1975) and by
considering its Killing vectors algebra. Instead, the role of group transformations
is played by extra-dimensional translations; however, unless the above mentioned
unobservability is taken into account, the right gauge transformations on fields
are not reproduced (Cianfrani and Montani, in press). At the end, to geometrize
in a Kaluza—Klein approach a gauge interaction, an extra-space, whose Killing
vectors algebra is the same as the gauge group one, is required (for a review see,
Appelquist et al., 1987; Overduin and Wesson, 1997).

In our work, we reproduce in this way all the features of the electro-weak
model, an issue failed by other multidimensional theories. In particular, we derive
not only free gauge bosons Lagrangian from the dimensional splitting of the
multidimensional curvature, but also, we show how their interaction with spinor
fields can be obtained by the splitting of free Dirac Lagrangian. Therefore, we are
able to give a completely geometric interpretation to the boson component and we
have to introduce just free spinors.

Furthermore, the left-handed and right-handed four-dimensional fields, sep-
arately, as the lightest modes of an extra-coordinates expansion arise, while any
their linear combination acquires a mass term, having the order of the compacti-
fication scale. So the need of a distinct treatment for the two chirality eigenstates
becomes a low energy effect.
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There are two space-times suitable for our approach:

¢ a seventh-dimensional manifold V* ® S' ® S2,
e a cight-dimensional manifold V* ® S' ® S°.

In the first case, we deal with eight-components spinors, so we assign a geometric
meaning to the isospin doublet.

In the second case, the number of dimensions of the gauge group is the same
as that of the extra-space; from this condition, we get the identification of gauge
charges with extra-components of the fields momentum and the equality of the
number of leptonic families and quark generations.

Moreover, as an extension respect to canonical Kaluza—Klein theories, a
dependence by some four-dimensional scalar fields («™) for the extra-space metric
is considered.

At the end, the multidimensional analogous of the Higgs boson is introduced;
in particular, we define it so that its two components have got opposite hyper-
charges. In this way it is possible to realize the spontaneous symmetry breaking
to the U(1) electro-magnetic group and to add, in the Lagrangian density, mass
terms for all particles.

In particular, the work starts in Section 2 with a short review of the electro-
weak model, while in Section 3 we define the space-time manifold and show how
the Einstein—Hilbert action reduction leads to the Einstein—Yang—Mills one and
to the terms describing o dynamics; in Section 4, for matter fields, we illustrate
the form of the extra-coordinates dependence able to give the right gauge trans-
formations and the conservation of gauge charges. In Section 5, we apply the
results of the previous analysis to the space-time manifolds V* ® S' ® S and
V*® S!' ® S3, where we recast the observed four-dimensional fields into eight
and sixteen components spinors, respectively. Section 6 deals with the introduc-
tion of the scalar field responsible of the SU(2) ® U (1) symmetry breaking, while
in Section 7 brief concluding remarks follow.

2. ELECTRO-WEAK MODEL

The electro-weak model is a SU(2) ® U(1) gauge theory; SU(2) transfor-
mations act only on left-handed components in the following way

Yy = (1 + %gawin) Vi (1

where S’ are arbitrary infinitesimal functions, g is group’s coupling constants,
T; are group’s generators (Pauli matrices) and v, is constituted by left-handed
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leptons (quarks) fields of the same family (generation)

_[ve [ #qL
IpZL—(lL> qu—<qu>. (2)

The conserved charges associated to the SU (2) invariance are the three components
of the weak isospin

I = / x| Ty ©)
E3

U(1) transformations act also on right-handed states, in particular the infinitesimal
transformation law for matter fields is the following one

Y = +igy 80Dy “)

where g’ is the U(1) coupling constant and the hypercharge y,, depends on the
field and of the chirality state. In fact, we impose that the weak hypercharge, the
conserved charge associated to these transformations

Y=yfd%wwy Q)

is related to the electric charge and the third component of the weak isospin by
the following relation
Q =Y+ L. 6)
e
By substituting ordinary derivatives with the ones containing gauge connec-

tions and by introducing gauge bosons free terms, the SU(2) ® U(1) invariant
Lagrangian density from the Dirac one is developed, i.e.,

3.
ihc - -
A= Z T[DZ%LV“%L — YLy Dy + D] oigy" vir
l,q=1

— DRy Dy + D;ZRVMIR — —Igy" Dylg]
3

ihc - - _
+ Z T[D;%LV“W;L — YgLy" Dutgr + Dliigry* ugr

g=1
— L_th)/MDuuqR =+ Dlqu)/quR — quyMDudqR]
1 1

- ZBMB’” — ZGWG;‘”
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where
B,, = 9,B, —9,B,

i i i i ik
G, =W, -9, W, —G—gcjle{Wv

2
Dylg = [0, —ig'B,llg

1. i .8
D,LLI/IZL = I:BM + —lg'L','WM — ZEIBM:| I/f]L

D;LUIR = a;LUlR

- ; i P
Dp.l/qu = BM + EgTiWM + ZEIBM:| I/IqL

2
Dyugr = |0, + lgg’BMi| Ugr

1
Dyugr = |0, — lgg/BM:| UgR-

Bosons, we observe are related to SU (2) ® U (1) gauge ones by the transformations

B, = —sin6,,Z, + cos0,,A,
W, =W+ w)
Wi=5sWH-w")

Wj =cosfy,Z, +sinb,A,

@)

In order to obtain a spontaneous SU (2) ® U (1) symmetry breaking a Higgs scalar
field, which is an isospin doublet and has got % hypercharge, is introduced with a
suitable Lagrangian density, i.e.,

1
Ay = E[Dmﬂ [D"¢] — 1n*¢'e — AlpT o)

- Z gilWiLlre + ¢ Ix il — gy [Vievied + ¢ o]
]

— Y 8ugWqrttgrd + ¢ g YgL] — 8ag[Vgrdyr® + ¢ dyrigr] (8)
q

with ©2(0, 1)0 and ¢ = —i(¢!T»)”. The Higgs field realizes a spontaneous sym-
metry breaking, which deals to the conservation of only the electric charge, by



476 Cianfrani and Montani

fixing its expectation value in the vacuum as the following one

0
$o = (_) ©)
V2

In this way, a unified picture for weak and electro-magnetic interaction is achieved;
furthermore, a mechanism by which massive particles arise is obtained, even if
the field responsible of this process have not been detected yet.

3. GEOMETRIZATION OF THE ELECTRO-WEAK
BOSONIC COMPONENT

Let us consider a space-time manifold
V' =v*Q B (10)

where V* is the ordinary four-dimensional space-time, with coordinates x* (1 =
0,...,3),and B stands for the extra-dimensional one. The space BF is introduced
in such a way that its Killing vectors reproduce the Lie algebraof a SU(2) ® U(1)
group, i.e.,

EnOnkn — Enonkn = Crykp (11)

where C ,C » are SU(2) ® U(1) structure constants.
In particular, we have the following two possible choices for B

i S'®s? (12)

i) S'® s (13)
we will refer to coordinates on S' and S? or S by y®and y' (i = 1, ...,k — 1),
respectively, while y” (m =0, ..., k — 1) will indicate both of them.

We develop a theory invariant under general four-dimensional coordinates
transformations and under translations along B*

XM = XW(XV)
v m n 14
{y”” = "+ M RO (1
for the metric, we take the following ansantz
, v + Vi ERAM ANy, £ AM
JAB = W AN (15)
ymnSNAp Ymn

where Af‘f are gauge bosons fields and g,,, the four-dimensional metric (Cianfrani,
Marrocco and Montani, 2005).
For the extra-dimensional metric, we assume

Yiun (X3 ¥) = Vinn ()™ (X)e" (x) (16)
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(in the latter expression the indices m and n are not summed) with o = a(x)
some scalar fields that account for the dynamics of the extra-dimensional space.
In order to forbid anisotropies of the space S2or $3, wetake a! = o? (= &) = a,
so allowing just size changes.

We note that in the eight-dimensional case the extra-space is four-
dimensional, so its dimensionality is the same as that of the gauge group; thus,
Killing vectors can be chosen in such a way they are directly related to extra-
dimensional n-being vectors by the following relation

EM = q"e™ (17)

where in the latter the index » is not summed.
We can carry on the dimensional reduction of the Einstein—Hilbert action in
4 + k-dimensions as
3

S =- V—j"Rd*xd*y (18)

167TG,, V4® Bk

and we get the geometrization of the gauge bosonic component, i.e., from the
multidimensional curvature their Lagrangian density outcomes
k=1

3 V,0,a"
S=- d*xJ—g| R+ Ry —2g"" Y L2
167G /V * g[ +Hy -2 X:;: o
logam et 1o 1
S Y R LY @ GHe ™ - e BlE | o)
n#m=0 M=1

where for Newton coupling constant and for the curvature term Ry, we have,
respectively, (V is the volume of the extra-space)

G
G=—
Vv

11
Ry = Z;CIZ\‘//ITCITVM'

For details, we remand to our precedent work (Cianfrani, Marrocco and Montani,
2005).

Therefore in a Kaluza—Klein approach, we carry on the geometrization by
identifying gauge bosons with mist metric components. Unless the introduction

of super-symmetries this procedure is not extensible to fermions, so to account for
them, we have to introduce spinor matter fields.

4. MATTER FIELDS

Any matter field is a nongeometric and, thus, an undesired term in a geomet-
rical unification model; however, a remarkable result achieved in previous works
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(Cianfrani, Marrocco and Montani, 2005; Montani, 2005) is the possibility to deal
simply with free spinor fields, once we assume for them a suitable dependence on
extra-coordinates. In other words, we take the following matter fields

1 .
W(x;y) = Ve—l”“% "y (x), (20)

where T), are gauge group’s generators, ®" some functions that contain the
dependence on extra-coordinates and v the four-dimensional fields, while we
define the constant matrix A by the following relation

1
Hl = V/‘/_—y( 10 ON)dX y. 21)

With such a dependence on extra-coordinates, the transformation of the field ¥
under translations along Killing vectors &};, once the role of the unobservability
is taken into account (Cianfrani and Montani, 2006), is like the action of a gauge

group, i.e.,
v =¥ +ioM Ty (22)

Moreover, with the same assumption, we demonstrate the conservation of gauge
charges; in particular, in the eight-dimensional case they can be regarded as extra-
components of the fields momentum (Montani, 2005).

The most remarkable result, that follows from the hypothesis (20), is the
geometrization of spinor gauge connections. In fact, starting from the free Dirac
Lagrangian, the interaction with gauge bosons outcomes

) V=yd®yUy WD wd'y = gy Wef (D, +iTuAYYY.  (23)
B

However, some additional terms, deriving from

. =yd®y By ™, wdty, (24)

arise; they produce the standard Kaluza—Klein contribution to the spinor mass,
of the same order as the compactification scale, and lead to very heavy four-
dimensional particles. These particles cannot be described by a low energy
theory.

Now, because the extra-dimensional y matrices are developed by the four-
dimensional ys one, we find that for the left-handed and right-handed fields the
expression (24) vanishes.

The latter statement explains why, in a multidimensional theory, the four-
dimension chirality eigenstate still have to be considered: they correspond to the
lightest mode of an expansion in the extra-coordinates.
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In conclusion, to account for fermions interacting with gauge bosons, we
need just free left-handed and right handed spinors, where, again, we stress that
the chirality, we refer to is the four-dimensional one.

5. SPINORS REPRESENTATION

At this point, the introduction of fermions is based on the analysis of the
previous section. In particular, the action of the U(1l) group is reproduced by
adding a y* = ¢ dependent phase in front of the four-dimensional spinors

d(x") > U = %e""%, ¢ = [0;27) (25)

where L stands for S! length and n is related to the hypercharge of the field ¢; in
fact, under the infinitesimal translation ¢ — ¢ 4 f(x*), the transformation law
for ¢ is

b d+infx)=¢+ i%g(x*‘) (26)

From the latter expression, by imposing it reproduces the action of the hypercharge
U(1) group, the value of n for each spinor is easily obtained

ny = 6y1/,. (27)

We observe that, in order to maintain the fundamental periodicity of \If(tp), nmust
be an integer; this gives a justification for the hypercharge spectrum observed.

In an analogous but formally more complex way, for the SU(2) group, we
make use of Pauli matrices and, according with the equation (20), the form for the
dependence on S? or S? coordinates is the following

_ L —iTu A OV (V) —

v ﬁe v, M,N=1,2,3 (28)
where Ty, are SU(2) generators, V stands for S? or S* volume and A obeys the
relation (21).

Now, because the number of spinor components in a d-dimensional space-
time is 2[%) (Avramidi, 2005), we perform a distinct treatment for a seven-
dimensional and a eight-dimensional space-time.

In the seven-dimensional case, we deal with eight components spinors, thus
explaining the isospin doublet. In particular, we introduce the following four
spinors for any leptonic family and quark generation

ingpg
_ b eaten (€L
Wi = € inpg
VV/L el
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V,
Wig 9 ) 1=1,2.3 (29)

1
= _ﬁﬁ (ein/R(ﬂlR
1 c Sl M einl‘leL
/] — —e—lo,LM(a )
gL \/V«/Z (eznuplL )

v L (e e 1.2.3 (30)
T VL \emmedy, | 1T 0T

with obvious notation for four-dimensional fields. Thus, we include even the right
handed fields of leptons (quarks) of the same family (generation) in the same
spinor and this assumption is consistent with their different interaction properties,
since, we assume for them a different dependence on the coordinate ¢.

In the eight-dimensional case spinors have got 16 components and this allow
us to reproduce all Standard Model particles from the following six ones

ey VIR
W 1 —iT 2}, 0M el N 1 €Y p
L= ——=¢ M , R=—7=1 . ,
VVVL eMitbu VVVL | e"*ug
ei”‘l""’dlL ei”dR‘ﬂle
1=1,2,3 31)

being

(o) 0
I, = (32)
0 gy
where, we stress that Pauli matrices o; act on isospin doublets.
Therefore, in a space-time V* ® S' ® S°, we propose a model in which
quarks and leptons are the components of the same spinor, but the Lorentz sym-

metries connecting them are broken by the compactification. The relic features of
such a statement are

e common properties under the action of (what a four dimensional observer
interpret as) the gauge group,
e the equality between the number of leptonic families and quark generations.

In both seven- and eight-dimensional cases, from the dimensional splitting of
Dirac Lagrangian for such spinors, we also get some relations between « and o’
and electro-weak coupling constants g and g’, so an estimate of extra-dimensions
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lengths, i.e.,

i\’ h\’
o = 1671G(—) o? = 16nG<—,> (33)
8¢ 8cC

«a=018x10""em o« =033 x 107> cm. (34)

These equalities show that if & and ¢’ are not constants, so if the extra-dimensional
space changes with space and time (as we expect in a geometrodynamics
theory), coupling constants acquire a dependence on (four-dimensional) space-
time coordinates, like in Dirac hypothesis on large numbers (Dirac, 1982) or in
the Brans—Dicke, theory (1961).

6. SPONTANEOUS SYMMETRY BREAKING

Now, we have to reproduce the spontaneous symmetry breaking mechanism,
to account for the only (electro-magnetic) symmetry, we find in the physical world
and to attribute masses to particles.

In a straightforward way, we can just introduce a two components complex
scalar field, i.e.,

1) 1 ) —ingg
O — ) _ —e‘“"W@M e ) o1 . np=3 (35)
D, V'V el ¢,

and so the four-dimensional one associated

b1
= 36
¢ <¢2> (36)

has two weak isospin doublet components ¢, and ¢,, with hypercharges —% and
%, respectively.

We take a Lagrangian density with a Higgs potential

1
Ao = §n<A>(B)3(A)q>Ta(B)q> — 20T o — (@)’ 37
and, after the dimensional splitting, we get the action for the Higgs boson
1 Lo
Sa =~ / 4 d4x«/_—g|:§g” (D) Dy — (1? = G)pldp — A9 aﬂ (38)
v

unless an additional mass term G =~ al, ~ 10" GeV, which would imply an ex-
tremely accurate fine tuning on the potential parameters p and A to get a mass
mpy ~ 200 GeV.

Now, we have to fix a suitable vacuum expectation value to get the sponta-
neous symmetry breaking, but because for ¢ the hypercharge generator is opposite
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to the weak isospin third component one, from (6) we have that any vacuum state
is invariant under the electric charge symmetry.
Therefore, in the unitary gauge, we rewrite ¢ around the vacuum as

¢=(v1 -:G(X)>’ v = vcosh, vy = vsinb. (39)
2

In order to obtain massive fermions, a distinct treatment between the seven-
dimensional and the eight-dimensional scenario is required.

In the first case, the form of fermions mass terms in the Lagrangian is the
following one

M-

Ayy [g1( U1 Wik + Wir T Wy,)]

1=1

+
q

[gu, (Vg1 ®Wyr + Vg @ W, )] (40)

3
=1

where, we define the invariant product of two spinors and the field ® as

4
B0 = Y [T, Pi(W2); + (P14 P2(W2)r sl (41)

r=1

In the second case, we deal with only one constant g, i.e.,

w

Ayyp =g Z[\I”ILCD\I"ZR + Ur T, ] (42)
=1

being

4
oW, =) (1), @1 (¥1) + (U1)atr P2(W2)atr + (F1)sr P2 (WiR)sir

r=1
+ (W), Pa(W2) 124, -

However, in both cases, we have to redefine the four-dimensional fields by a
constant phase (which, obviously, does not modify the previous results)

v — oy, cyey =1 (43)

so that the interference between the phases of right-handed and left-handed fields
determinate fermion masses

My = gvl/z(c:ZRc,/,L + c;';,ch,R). (44)
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At this point, because of the arbitrariness of the coefficients c, the mass spectrum
for all particles in Standard Model can be reproduced by setting g greater than the
biggest mass observed (top mass m, =~ 180 GeV).

Therefore, in this scheme masses are produced by the interference between
phases of massless (right-handed and left-handed) fields and not only by the
vacuum expectation value of the Higgs field.

‘We note, that in the seven dimensional case, an alternative way to obtain mas-
sive fermions is simply to rewrite in our formalism mass terms in the Lagrangian
density (8). The expression needed for this task is the following one

3
Ayy = Z (811, Wik + Wir T, ) + g0 (U1, PWip + ®1R5TWIL)]' (45)
I=1

Finally, we stress again the result of this section: in our scheme it is possible
to introduce a scalar field, which plays the same role of the Higgs bosons in
Standard Model. The difference between them stands in the fact that in our case
the scalar field has two components with opposite hypercharge; however, after
the spontaneous symmetry breaking, the remaining fields Lagrangian density is
exactly the same as in Standard Model.

7. CONCLUDING REMARKS

Therefore, we develop a model in which both gravity and electro-weak inter-
actions are geometric; in particular, the geometrization of a SU(2) ® U (1) gauge
theory require the introduction of an extra-dimensional space and the identification
of gauge with space-time isometries. In this way, gauge bosons arise as metric
components.

We introduce spinors such that their interactions with gauge bosons are
automatically contained in the Lagrangian density and their gauge charges are
conserved.

In the last section, we also reproduce the spontaneous symmetry breaking
mechanism.

Our final action is thus the sum of tree terms

S=Sy_g+ S¢ + So (46)
where

o the former is the Einstein—Hilbert action, from which the four-dimensional
Einstein-Yang—Mills action outcomes;

e the second is the Dirac action, that gives the four-dimensional theory for
spinors interacting with gauge bosons,
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e the latter reproduces the spontaneous symmetry breaking mechanism and
it predicts an Higgs field constituted by two hypercharge singlets.

Even if the model is developed in a multidimensional scenario, in the low en-
ergy limit the four-dimensional chirality eigenstate arise. In fact, they are the
lightest modes, since their mass does not receive any contribution due to the
extra-dimensional dependence.

We have shown that there are two space-time suitable for our approach:
Vi@ S'®S*and V@ S' @ S°.

In the first case, the geometric properties of the space-time force us to intro-
duce eight-components spinors; thus, the necessity to deal with isospin doublets
becomes natural in this scheme. This result suggest us to recast even the right-
handed fields into the same geometrical object.

Instead, the choice of an eight-dimensional space-time manifold lead to 16
components spinor fields; so that, we propose to put into the same spinor quarks
and leptons. As a consequence of this approach, the equality of the number of
leptonic families and quark generations arises.

Furthermore, in our model, we assume that extra-dimensional spinor connec-
tions vanishes. This assumption stands on the breaking of general covariance in
the extra-space; in fact, a spinor does not change under translations, which are the
only symmetries of BX.

However, the breaking of general covariance itself is an open question; a
possible answer could come from the Spontaneous Compactification Mechanism
(Cremmer and Scherk, 1976, 1977). A role in this sense might also be played by
the « fields, whose dynamics is under investigation.

Finally, prospectives of our work deal with the inclusion of strong inter-
actions; as a starting point, we can say that, we cannot find a space with Killing
vectors able to reproduce the SU (3) algebra. Furthermore, in the eight-dimensional
case, the gauge group acts only on some spinors components. For these reasons,
the next task is the application of this approach to Grand Unification Theories
(GUD).
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